We show strict lower bounds for the complexity of several model checking problems for BPA and branching-time logics. Model checking with Hennessy-Milner Logic PSPACE-hard, while model checking with the modal -calculus is EXPTIME-hard. By combining these results with already established upper bounds it follows that the model checking problems are PSPACE-complete and EXPTIME-complete, respectively.
Introduction
Basic Process Algebra (BPA) processes were de ned by Bergstra and Klop in BK85] . They are transition systems associated with Greibach normal form (GNF) context-free grammars in which only left-most derivations are permitted. BPA-processes are also called context-free processes. They are a subclass of pushdown processes, where the nite control of the pushdown automaton has only one state. It has been known for some time that model checking pushdown processes with the modal -calculus is EXPTIME-complete Wal96a, Wal96b] . Furthermore, the problem is even EXPTIME-hard for a xed formula in the alternation-free modal -calculus. For the much simpler logic EF, the model checking problem for pushdown processes is PSPACE -complete BEM97].
Again the hardness result even holds for a xed EF-formula. For CTL the complexity is only known to be between PSPACE and EXPTIME. There is an important di erence between BPA and pushdown processes in the complexity of model checking. Burkart and Ste en BS92] showed that for every xed formula in the alternation-free modal -calculus the model checking problem is polynomial in the size of the BPA-process. Later Walukiewicz Wal96a, Wal96b] generalized this result to the full modalcalculus. The algorithms for BPA were only exponential in the size of the formula. So far there have been no hardness results for model checking BPA, not even for the full modal -calculus. On the other hand model checking nite-state systems with the alternation-free modal -calculus is linear SC93, SW91] , and model checking nite-state systems with the full modal -calculus is in NP \ co-NP EJS93, SW91, Mad97] (and so might be polynomial as well). It has thus been conjectured that at least some model checking problems for BPA might be polynomial. Here we show that this is not the case. Even for the simple Hennessy-Milner Logic, model checking BPA is PSPACE -hard. For the modal -calculus model checking is EXPTIMEhard. In fact, this hardness result even holds for the alternation-free modal -calculus. The rest of the paper is structured as follows. In Section 2 we de ne BPA and the logics that are used here. In Section 3 we show the hardness result for Hennessy-Milner Logic, and in Section 4 we show the hardness result for the alternation-free modal -calculus. In Section 5 we present the general picture of the complexity of model checking BPA.
Preliminaries
We describe BPA-processes by nite sets of rewrite rules of the form X a ! , where X is a single symbol, a 2 Act is an atomic action and is a sequence of symbols. The rewriting formalism is pre x-rewriting, which means that the rules are only applied at the leftmost position in the term. The formulae of Hennessy-Milner Logic have the following syntax:
::= true j : j 1^ 2 j hai X] ] V := V(X)
The syntax and semantics of the minimal xpoint operator is de ned by 3 Hardness of Hennessy-Milner Logic
In this section we show that model checking BPA with Hennessy-Milner Logic is PSPACE-hard. We do this by reducing the problem of quanti ed boolean formulae (QBF) to the model checking problem.
Let n 2 IN and x 1 ; : : : ; x n be boolean variables. W.r. we assume that n is even. A literal is either a variable or the negation of a variable. A clause is a disjunction of literals. The quanti ed boolean formula Q is given by Q := 9x 1 8x 2 9x 3 : : :9x n?1 8x n (Q 1^: : :^Q k )
where the Q i are clauses. The problem is if Q is valid. We reduce this problem to the model checking problem. The intuition is that rst we nondeterministically choose values for the variables and then check if these choices satisfy Q. The existential or universal nature of these choices is handled by the Hennessy-Milner Logic formula. Now we de ne a BPA with initial symbol Z 0 . 4 Hardness of the Modal -Calculus Walukiewicz Wal96a, Wal96b] has shown that model checking pushdown processes with the modal -calculus is EXPTIME-complete. EXPTIMEhardness even holds for a xed formula in the alternation-free modalcalculus. This hardness result does not carry over to BPA. In fact, for every xed modal -calculus formula model checking is polynomial in the size of the BPA-process.
Here we show that model checking BPA with general (non-xed) formulae in the alternation-free modal -calculus is EXPTIME-hard. This is shown by a reduction from the acceptance problem for linearly space bounded alternating Turing-machines. An alternating Turing machine (ATM) is described by a tuple (Q; ; ; q 0 ; l), where Q are the states of the nite control, the tape symbols, the transition relation, q 0 the initial state and l is a function that labels states as existential, universal, accepting or rejecting. The computation of an ATM is de ned just like the computation of a normal Turing machine, but the acceptance condition is more complex. Since the machine is nondeterministic, the computation can be represented as a computation tree in which the branches represent di erent possible computations. The states of the nite control of the ATM are assigned labels by the function l as existential, universal, accepting or rejecting. Now the states in the computation tree are labeled as accepting or rejecting by the following rules: Without loss of generality let j (q; a)j = 2 for every universal state q and symbol a. We choose an arbitrary order on the two elements of (q; a) and call them the rst and second successor con guration of (q; a). An ATM M is called linearly bounded if there is a constant k, such that for every word w in the language of M, M has an accepting computation that uses at most k jwj space. Let n := k jwj. We only consider linearly bounded ATMs and thus avoid the problem of in nite branches and unde ned labels.
The acceptance problem for linearly bounded alternating Turing-machines is EXPTIME-complete vL90]. The idea is to guess a sequence of con gurations of the ATM and to store this sequence in a BPA-process term. A formula in the alternation-free modalcalculus is used to check if this sequence represents an accepting computation of the ATM.
Let M = (Q; ; ; q 0 ; l) be the ATM, w the input word and n := k jwj the length of the tape. Let M's head be over the rst cell of the tape. We construct in polynomial time a BPA with initial state #q 0 w# and an alternation-free modal -calculus formula s. hputi n+2 (succ 2^X ) _ ex^hputi n+2 (succ^X) Note that is a very simple formula, since it uses only one xpoint operator. Thus it is a formula in the alternation-free modal -calculus. The size of is O(n 2 ). We have that #q 0 w# j = i M accepts w.
Lemma 4.1 Model checking BPA with the alternation-free modal -calculus is EXPTIME-hard. Containment in EXPTIME has been shown in Wal96a, Wal96b] . Thus we get the following theorem.
Theorem 4.2 Model checking BPA with the full modal -calculus and the alternation-free modal -calculus is EXPTIME-complete.
Conclusion
The results on the complexity of model checking BPA can be summarized as follows:
BPA general xed formula Hennessy-Milner Logic PSPACE-complete 2 P EF PSPACE-complete 2 P alt.-free modal -calc. EXPTIME-complete 2 P modal -calc. EXPTIME-complete 2 P In comparison, model checking pushdown processes is harder in the case of xed formulae.
Pushdown general xed formula Hennessy-Milner Logic PSPACE-complete 2 P EF PSPACE-complete PSPACE -complete alt.-free modal -calc. EXPTIME-complete EXPTIME-complete modal -calc. EXPTIME-complete EXPTIME-complete
These results solve most complexity questions for branching-time logics, except for CTL. The EXPTIME-hardness proof in Section 4 does not carry over to CTL. For both BPA and pushdown processes, model checking with CTL is only known to be between PSPACE and EXPTIME. To complete the picture, model checking pushdown processes with LTL and the linear-time -calculus is EXPTIME-complete, but polynomial for every xed formula BEM97]. It has been shown in May98] that EXPTIMEhardness even holds for BPA and LTL.
